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ABSTRACT
The LISA Pathfinder mission to space employs an optical metrology system (OMS) at its core to measure the
distance and attitude between two freely floating test-masses to picometer and nanorad accuracy, respectively,
within the measurement band of [1 mHz, 30 mHz]. The OMS is based upon an ultra-stable optical bench with 4
heterodyne interferometers from which interference signals are read-out and processed by a digital phase-meter.
Laser frequency noise, power fluctuations and optical path-length variations are suppressed to uncritical levels by
dedicated control loops so that the measurement performance approaches the sensor limit imposed by the phase-
meter. The system design is such that low frequency common mode noise which affects the read-out phase of all
four interferometers is generally well suppressed by subtraction of a reference phase from the other interferometer
signals. However, high frequency noise directly affects measurement performance and its common mode rejection
depends strongly on the relative signal phases. We discuss how the data from recent test campaigns point towards
high frequency phase noise as a likely performance limiting factor which explains some important performance
features.
Keywords: optical metrology, heterodyne interferometry, phase noise, quantization noise, space mission
1. INTRODUCTION
The LISA Pathfinder Mission1 is a technological precursor to the Laser-Interferometer Space Antenna (LISA)
mission which aims to detect gravitational waves with interferometry.2 One of the subsystems at its core,
the Optical Metrology System (OMS), performs interferometer measurements of position and attitude between
two freely floating test-masses to an accuracy of picometer and nanorad, respectively, which makes it the most
precise metrology system for space as of today,3.4 Its measurement data allow determining the residual differential
acceleration between the two test-masses to an accuracy of better than 3×10−14m/s2/√Hz (2 orders of magnitude
better than state-of-the-art accelerometers). The OMS output also feeds into the drag-free attitude and control
system (DFACS) which counteracts external perturbations acting on the spacecraft and test-masses and therefore
allows demonstration of quasi-free floating test-masses.
As an overview we give a detailed account of the working principles of the Optical Metrology System which
is essentially based on the digital phase-readout and processing of the signals of four heterodyne interferome-
ters located on an ultra-stable optical bench. The impact of various noise sources on the overall measurement
performance is briefly discussed, among which frequency and power fluctuations of the laser source, parasitic
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optical sidebands induced by RF-crosstalk in the modulator and phase noise combined with path-length varia-
tions induced by signal transmission through optical fibres are the most prominent ones. These limitations can
be overcome by the use of digital control loops which suppress laser frequency noise and differences in optical
path-length to such a degree that the final performance is fundamentally only limited by the sensor and quan-
tization noise of the digital phase-meter. Furthermore, overall stability and performance is much improved by
balancing the interferometer arm-lengths to a good degree, which specifically reduces the effect of laser frequency
fluctuations.
An important feature of the general system design is that the phase of the reference interferometer is sub-
tracted from the phase of the test-mass position interferometer, thereby greatly suppressing common mode noise
fluctuations occurring in volatile optical path sections shared by both interferometers. Analyses of experimen-
tal data recorded during recent test and qualification campaigns point to an as yet unaccounted phenomenon
which relates to imperfect common mode noise suppression when the two interferometer phases are subtracted
in the digital domain. We find that the efficiency of common mode noise subtraction depends strongly on the
relative difference of the interferometer phases: Increasing phase differences lead to decreasing common mode
noise rejection. We theoretically investigate the expected level of noise rejection and discuss its dependency on
the relative phase and on the amplitude of the phase-noise whilst comparing our findings to those observed in
experimental measurements. These investigations are directly applicable to similar metrology systems where a
highly stable phase is obtained by suppressing the common mode noise through subtraction of a reference phase.
2. OVERVIEW OVER THE OPTICAL METROLOGY SYSTEM
2.1 Working principle and System Design
The Optical Metrology System (OMS) is one of the core subsystems of the LISA Technology Package (LTP), the
scientific payload of LISA Pathfinder (LPF). LPF is the technological precursor mission to LISA, the gravitational
wave detector in space. Whereas in LISA laser beams propagate over a distance of 5 million km between three
spacecraft forming a triangular constellation, in LPF the distance between freely floating test-masses is shrunk
to 38 cm where the arm-length is far too small to actually detect gravitational waves. Considering that the
two test-masses are replaced by dummy mirrors for ground testing many aspects of the setup resemble those of
conventional interferometers for high precision metrology. The OMS essentially comprises the following units:
• Laser unit with heterodyne modulator
• Optical bench with 4 heterodyne interferometers
• Phase-meter and quadrant diodes for read-out of the interferometer phases
• Data-Management Unit (DMU) for processing the phase data and determining test-mass position and
attitude
A short schematic over the working principle of the optical metrology system is given in Fig.1. The output of
the Nd:YAG laser unit (at 1064 nm) is split at the input of the modulator into measurement and reference beam,
where the name of the former derives from the fact that part of it reflects off the test-mass and therefore contains
information on its position, which differ by the heterodyne frequency fhet = 1 kHz. The modulator additionally
contains piezo-actuated prisms for stabilizing the relative Optical Path-length Difference (OPD) between the two
beams which are then guided onto the optical bench (schematically drawn in Fig.3) through two single-mode
fibres. The optical bench comprises 4 interferometers, two of which -the x1 and x12 interferometer- measure
the position of test-mass 1 and 2. The output phase of the reference interferometer φR is subtracted from the
output phases φ1 and φ12 of the position interferometers (this process shall be referred to as phase-adjustment)
to suppress common mode phase noise. Whereas the other three interferometers have balanced (equal length)
arms, as counted from the splitting point S between measurement and reference beam onwards, the arm-lengths
of the frequency interferometer are deliberately mismatched by 40 cm to convert frequency fluctuations δν into
phase fluctuations δφ which scale proportional to the arm-length difference L: δφ = 2piL/c δν.
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Figure 1. Schematic of the working principle of the optical metrology system of LISA Pathfinder.
The interferometer phases are detected by quadrant diodes and the channel signals received and processed
by the phase-meter. The latter samples the signals S(t) at fsamp = 50 kHz and performs a single-bin Discrete
Fourier Transform (DFT) at the heterodyne frequency fhet = 1 kHz for a period T=10 ms. The data, consisting
of the two complex components of the phase vector Ft, are transmitted to the Data Management Unit (DMU)
for further processing at the update rate fup = 100 Hz:
ℜ(Ft) =
N−1∑
k=0
S(k ·∆t) cos
(
2pimk
N
)
ℑ(Ft) =
N−1∑
k=0
S(k ·∆t) sin
(
2pimk
N
)
, (1)
where N =500 is the number of points in the DFT and the heterodyne frequency corresponds to bin number
’m’: fhet = m 2pi/T . In the DMU the test-mass position and attitude are calculated, the former through
averaging the phases of four quadrants and tracking the resulting phase and the latter through finding the phase
difference between two halves of a diode. Due to bandwidth constraints of the MilBus data bus connecting the
various electronic units, the data are down-sampled to 10 Hz by application of a moving average filter before
being transmitted to the Drag-Free Attitude and Control System (DFACS). The DFACS controls the spacecraft
using micro-Newton thrusters as actuators and uses electrostatic forces/torques to control test-mass degrees-of-
freedom in a way that the freely-floating test-masses remain centered between the electrodes.5 The DMU also
implements digital controllers for laser frequency control, Optical Path-length Difference (OPD) stabilization,
and slow power stabilization.6 The latter was found to be necessary although the interferometer is designed to
be robust against phase fluctuations of volatile components (see Fig.3 in next section) due to the occurrence of
optical sidebands which arise from the cross-coupling of RF-signals going to the AOMs and lead to significant
performance degradation if the OPD is left unstabilized.7 The frequency stabilization scheme uses a fast and a
slow loop in cascaded configuration, where piezo actuators on the NPRO resonator and a temperature controller
are used as actuators, respectively. A fast analogue power stabilization loop (bandwidth of tens of kHz) uses the
two accousto-optic modulators (AOMs) of the heterodyne modulator as actuators.
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Figure 2. Basic schematic (abstract) of the 4 interferometer types used on the optical bench.
2.2 Optical Bench and Interferometers
The optical bench accommodates 4 interferometers3 for which the abstracted schematics and basic design features
of are shown in Fig.2 and may be summarized as follows:
• Science Interferometer x1: It measures the longitudinal displacement along one axis and the orientation
around two axes of test-mass 1.
• Science Interferometer x12: It measures the relative longitudinal displacement along one axis and the
relative orientation around two axes between test-mass 1 and test-mass 2.
• Reference Interferometer R: The output of the reference interferometer (reference phase φR) is sub-
tracted from the output of all other interferometers so that common mode noise is suppressed. Additionally,
φR is used to stabilize the optical path-length difference (OPD) between measurement and reference beam
to mitigate the effect of unwanted optical sidebands.7
• Frequency Interferometer F: The optical path-length between measurement and reference beam is
deliberately mismatched by L=40 cm so that laser frequency fluctuations δν are converted into phase
fluctuations δφ according to: δφ = 2piL/c δν. Therefore, the output phase exhibits increased phase
fluctuations which serve as feedback to the frequency control loop.
A basic schematic of the laser and its modulator as well as the optical bench comprising the 4 interferometers
is given in Fig.3. Here only the beam paths for the measurement interferometer x1 (solid red and green
lines) and for the reference interferometer R (broken red and green lines) are drawn in color, the beams of the
other interferometers are not discussed any further and therefore greyed out. The measured phase of every
interferometer is based upon the interference between measurement and reference beams which are split from
another at the laser output beam splitter S. Both beams are further divided into the arms of the various
interferometers at beam splitters P1 and P2, respectively.
However, the volatile optical path section from S to P1 for the measurement beam and from S to P2 for
the reference beam is shared between all interferometers so that it is equally reflected in the respective output
phases. Therefore, common mode phase noise occurring in these path sections is expected to be removed entirely
when the phase of the reference interferometer is subtracted from the phase of any other interferometer. Phase
fluctuations occurring in the other path sections which are specific to each interferometer may be neglected as
these path sections are located on the ultra-stable optical bench. The latter only comprises optical elements
made from fused silica which are hydroxyl-catalysis bonded8 to the Zerodur baseplate so that a quasi-monolithic
structure with superior stability and negligible sensitivity to thermal expansion is formed.
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2.3 Longitudinal and angular measurements
The optical metrology system performs 3 types of measurement which are schematically displayed in Fig.4. On
the one hand, the longitudinal test-mass displacement ∆x can be directly determined from the interferometer
phase change ∆φ through the relation
∆x =
λ
4pi cos δ
∆φ, (2)
where λ=1064 nm is the laser wavelength and δ=4.5 deg is the acute incidence angle of the beam on the test-mass
(a). On the other hand, angular tilts of the test-masses can be determined from either measurements of the
power difference (b) or measurements of the phase difference (c) between diode quadrants.
The power difference signal DCφ relates to the test-mass tilt angle φ though the following equation:
DCφ =
Pleft − Pright
Pleft + Pright
≈ KDC × φ
KDC ≈ Pm
Pm + Pr
√
2
pi
4Ltm
wm
,
(3)
where Ltm denotes the distance between test-mass and photo-diode and wm the beam waist of the measurement
beam. The phase difference signal DWSφ is found from the complex phase-vectors (Fi, i=A,B,C,D; see Fig.4)
of the diode quadrants which are determined from the discrete Fourier transform at the heterodyne frequency.
Through this technique, which is also referred to as Differential Wavefront Sensing (DWS),3 the test-mass tilt
angle φ is determined from the DWS-signal as follows:9
DWSφ = arg
{
FA + FC
FB + FD
}
≈ KDWS × φ
KDC ≈
√
2pi
weff
λ
(
1− Ltm
R
)
,
(4)
where weff is the average beam waist of measurement and reference beam and R the radius of curvature of the
measurement beam. Inserting the typical design parameters of the optical metrology system into Eqs.3,4, one
finds that the theoretical predictions are in excellent agreement with calibration measurements which yielded
coupling constants of KDC ≈ 300 and KDWS ≈ 5000.
3. INTERFEROMETER PERFORMANCE
3.1 Phase-meter Performance and Quantization Noise
When analogue signals are digitized, they are affected by the so-called quantization error. If during the digitiza-
tion process the internal signal representation is rounded off to the nearest integer, the probability distribution
pqn can be modeled as a random variable that is uniformly distributed between -LSB/2 and +LSB/2, where
LSB stands for the least significant bit. One then finds for the RMS-value of the quantization noise fluctuations
nϕ:
10
〈n2ϕ〉 =
√
〈x2pqn〉 = LSB 1√
12
=
FD
2n
1√
12
, (5)
where n is the number of bits and FD is the full dynamic range of the ADC. The signal-to-quantization-noise ratio
(SQNR) is the ratio between the RMS amplitude of the fundamental input frequency to the RMS amplitude of
the quantization noise so that we find for a sinusoidal input signal which covers the full dynamic range (amplitude
of FD/2) of the ADC:
SQNRdB = 20 log10
(
FD/
√
8
FD/
√
12
· 1
2n
)
= (6.02 · n+ 1.76)dB (6)
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However, in an actual ADC harmonic distortions and other imperfections come into play in addition to the
quantization noise so that it is useful to introduce another quantity, the signal-to-noise plus distortion ratio
(SINAD). The SINAD is defined as the ratio between the RMS amplitude of the fundamental input frequency to
the RMS amplitude of all other frequency components at the A/D output, where the output is band-limited to
frequencies from DC to below half the sampling frequency. In that context, the effective number of bits (ENOBs)
neff is a direct measure of ADC resolution and relates to the SINAD through the relation
neff = (SINADdB − 1.76) /6.02, (7)
For the 16-bit ADC used in the OMS (LTC1604 by Linear Technology) the manufacturer specifies a SINAD of
90 dB and therefore an effective number of 14.7 bits for our sampling frequency of 50 kHz. As described by Eq.1,
the output-phase is found by multiplication of the input signal with a reference oscillation and integration over
a multiple of the oscillation period. Consequently, the quantization error distorts the measured output phase .
For a fixed phase relationship between input and reference signal this leads to output phase fluctuations given
by Eq.8 which is derived in appendix A:
∆φqn =
1
2n−1
√
3NF
, (8)
where NF = fsamp/fhet = 50 is the number of sampling points in one heterodyne period. For the typical
parameters used in the LISA Pathfinder phasemeter (fsamp=50 kHz, fhet=1 kHz, fup=100 Hz) and using an
effective number of neff = 14.7 bits, this yields for the linear spectral density LSD(φqn) ≈ 1µrad/
√
Hz. This
value is somewhat lower than what was measured for the individual phase-meter channels, which indicates that
the phase-meter performance is limited by the noise from the internal electronics rather than ADC noise.
3.2 Noise Sources of the Interferometer
The major focus of this paper lies on the measurement performance and the impact of the various noise sources
on the latter. In order to comply with the overall measurement accuracy requirement for the LISA Pathfinder
mission, the linear spectral density (LSD) of the OMS position measurement noise is required to be below 6.4
pm in the measurement band between 1 mHz and 30 mHz according to the following equation:
LSD(x) = 6.4× 10−12
√
1 +
(
f
3 mHz
)−4
m√
Hz
1 mHz ≤ f ≤ 30 mHz
(9)
In order to obtain a measurement performance plot, the phase data from the science interferometers (after
appropriate conversion into position according to Eq.2) are recorded for a period of several hours and then
Fourier transformed, after removing the overall trend and using an appropriate window function, to obtain the
Linear Spectral Density (LSD) of the position noise. The OMS measurement performance is affected by the
following noise sources
1. Laser frequency fluctuations
2. Laser power fluctuations
3. Sensor noise (ADC, electronics, quantization)
4. Phase noise (vibrations, temperature fluctuations, optical fibres, AOMs ...)
As already discussed in section 2.1, digital control loops were implemented for laser frequency stabilization
and stabilization of the optical path-length difference (OPD).6 Consequently, the phase fluctuations arising
from frequency noise coupled with imperfectly balanced arm-lengths of the science interferometer could be
suppressed to a negligible level. This fact is indicated by the green curve in Fig. 5 which was obtained from
recorded data of the frequency interferometer where the phase measurements were scaled by the approximate
7
10-14
10-12
10-10
10-8
10-6
Requirement
SensorNoise
x12 Ifo
Frequency Ifo
(rescaled)
OPD Ifo
(rescaled)
P
os
iti
on
-n
oi
se
[m
/
H
z]
√
10-4 10-3 10-2 10-1 100
Frequency [Hz]
x1 Ifo
Figure 5. The performance curves for the x1 and x12 iterferometer are given by the blue and red lines, respectively. The
dashed lines denote the measurement requirement and the achievable optimum (sensor limit). The noise contributions
due to frequency fluctuations and OPD-variations are given by the green and black lines, respectively.
ratio of arm-length differences between science and frequency interferometer. It is shown to lie well below the
measurement performance curves of the x1 and x12 science interferometers which are denoted by the blue and red
curves, respectively. Similarly, the performance degrading effects of optical side-bands (from modulator cross-
talk) were mitigated through the OPD stabilization scheme whose contribution to the science interferometer
performance is shown by the black curve of Fig. 5. The latter curve was obtained from a re-scaled phase noise
measurement of the OPD interferometer where previously measured amplitude ratios of the optical sidebands7
were considered in the transformation. OPD-related phase noise was therefore also shown to be negligible. Note
that the strong increase of the noise floor for the x1 and x12 performance curves at frequencies below 1 mHz is
due to temperature fluctuations which cause the test-mirrors to move and the interferometer phases to change
accordingly. Atmospheric disturbances were generally avoided by performing the measurements under vacuum
conditions.
Laser power was stabilized to a level on the order of 10−6/
√
Hz < δP/P < 10−5/
√
Hz through a fast
analogue power control loop which acts on the AOMs of the laser modulator and operates at a bandwidth of
50 kHz. A digitally implemented slow power loop (acting on the laser diode current) defines the output power
setpoint and is tasked with offloading the actuators of the fast loop to avoid saturation. Power fluctuations
are converted into phase-noise nφ through the action of the phase-meter according to the simple expression:
11
nφ = δP/(P
√
2). Therefore, when the power stabilization scheme is active, the largest power fluctuations give rise
to phase fluctuations on the order of only a few micro-rad. These correspond to negligible position fluctuations
well below 1 pico-meter.
Although the control loops aim at suppressing adverse noise sources as much as possible, a fundamental
limit persists that cannot be overcome, namely the sensor-noise relating to signal sampling and processing by
the phase-meter. The sensor noise was found to be dominated by noise from the phase-meter electronics which
exceeds quantization and ADC noise.12 It was further found to scale inversely proportional with the amplitude
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of the heterodyne signal up to a maximum of half the full dynamic range where sensor noise was as low as
2 µrad/
√
Hz. For the performance measurements of Fig.5 the signal dynamics covered only 12 percent of the
full range and the sensor noise reached a value of 10 µrad/
√
Hz, corresponding to position noise of less than
1 pm/
√
Hz. However, we observed that the performance of position measurements, given by the blue and
red curves in Fig.5), was generally worse than the sensor limit so that the overall performance is limited by a
different noise source rather than the sensor noise. Furthermore, the performance varied between measurements,
sometimes the x1 performance being better than the x12 performance, and sometimes the other way round.
Questions on the possible origin of the limiting noise therefore arise.
3.3 High Frequency Noise Rejection
At this point it is important to note that other noise sources have only been suppressed within the bandwidth of
the servo loops (typically operating at 100 Hz) so that high frequency phase noise at or above fhet still couples
into the phase-meter input signals without attenuation. Although the interferometers are designed to reject
common mode noise at low frequencies through subtraction of a reference phase, this does not hold for high
frequency components of the noise spectrum, in particular those components around the heterodyne frequency.
In a recent paper we discussed how high frequency amplitude and phase fluctuations of the input signals degrade
the measurement performance.11 We showed that the efficiency of common mode noise subtraction in the digital
domain depends on the relative phase between the two input signals and found that increasing phase differences
lead to decreasing common mode noise rejection. In the performance measurements depicted in Fig.5 one input
signal with phase φ1 is derived from the science interferometer x1 from which we subtract the signal from the
reference interferometer with phase φR.
The characteristic features of each noise type as well as the respective common mode rejection properties are
summarized in Tab.1, which was constructed based on the derivations given in Appendix A of this paper and
those given in.11 From Tab.1 we see that if high frequency amplitude noise is dominant, the output noise of
the signal difference scales as sin[(φ1 − φR)/2], reaching a maximum for φ1 − φR = 180 deg. If, on the hand,
high frequency phase noise dominates, the output noise of the signal difference is proportional to sin[φ1 − φR],
reaching a maximum for φ1 − φR = 90 deg.
Table 1. The linear spectral density (LSD) of the output phase noise is given for a single signal of phase φ1 (first row) or a
signal difference of phase φ1-φR (second row) which are affected by various noise sources. The parameter nld denotes the
linear spectral density of the input signal which is expressed in rad/
√
Hz for phase noise and Volt/
√
Hz for amplitude
noise. The parameter Ain denotes the amplitude of the input signal in Volt.
quantization noise amplitude noise phase noise
LSD(φ1)
√
2
2n
√
3NF fup
nld
√
2
Ain
≈ nld√
2
LSD(φ1-φR)
2
2n
√
3NF fup
nld2
√
2
Ain
∣∣∣sin(φ1−φR2 )∣∣∣ nld√2 |sin (φ1 − φR)|
For the performance plots of Fig.5 the average phase differences are φ1−φR = 27 deg for the x1 interferometer
and φ1 − φR = 33 deg for the x12 interferometer, which explains why the performance of the x1 interferometer
is slightly better than the one for the x12 interferometer. We analyzed a variety of different data sets and
found that imperfect common mode noise rejection of high frequency phase noise could very well be ascribed to
the qualitative explanation of the observed features. Figure 6(a1) plots the science interferometer performance
curves for a certain measurement and (b1) shows the corresponding curves of the average phases φ1 and φ12. The
average phases drift over a range of approximately 30 deg during the measurement due to temperature induced
test mirror movements whilst the reference phase φR remains stabilized to 0 deg. As expected for phase noise,
the performance for x1 is better because its average phase is only 13 deg away from the minimum (at 180 deg) as
compared to the performance of x12 where the average phase is 100 deg away from the minimum and therefore
close to worst case (at 270 deg). The opposite scenario is depicted in Figs.6(a2) and (b2). Here, the average
phase of x12 is only 22 deg away from zero and therefore yields a better performance than the one for x1, where
the phase is 108 deg away from the minimum.
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Figure 6. (a1) Performance measurement for the x1 (blue) and the x12 (red) interferometer of the optical bench
(engineering model). (b1) The interferometer phase is plotted against time for the same measurement period which was
evaluated in (a1). The performance for x1 is better than for x12 because its average phase is close to 180 degrees. (a2)
Performance measurement for the x1 (blue) and the x12 (red) interferometer of the optical bench (flight model). (b2)
The interferometer phase is plotted against time for the same measurement period which was evaluated in (a2). The
performance for x12 is better than for x1 because its average phase is close to 0 degrees.
4. CONCLUSIONS
In this paper we discussed that several conventionally referenced noise sources (laser frequency noise, laser
power fluctuations, optical path-length difference noise, and sensor noise) cannot explain the typically achieved
measurement performance and the variability of certain characteristic features thereof for the LISA Pathfinder
optical metrology system. The interferometer design is such that common mode noise is generally well rejected
by the subtraction of a reference phase from the actual measurement observable, but this only works at low
frequencies. High frequency phase and amplitude noise were shown to couple into the low frequency measurement
band [1 mHz, 30 mHz] as common mode noise rejection deteriorates with increasing phase difference between
measurement and reference signal. The data from several measurement campaigns seem to point to high frequency
phase noise as a possible origin of the measured performance limits.
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APPENDIX A: Output phase fluctuations from quantization noise
In the following we shall derive an expression for the output phase noise that is caused by the signal quantization.
A sinusoidal input signal S(k∆t) is quantized by an ADC with ’n’ bits as described below:
S(k∆t)q = 2
−(n−1)round
(
2n−1S(k∆t)
)
(10)
The analogue input signal S relates to the quantized output signal Sq through the relation
S(k∆t) = Sq(k∆t) + nk, (11)
where nk denotes the quantization noise arising from the rounding errors which depends on the sampling step k.
Using Eq.11 and considering that the input signal is sinusoidal with a phase offset ’φ’we rewrite Eq. 1 to read:
ℜ(Ft) =
N−1∑
k=0
S(k ·∆t) cos
(
2pimk
N
)
=
N−1∑
k=0
[
Ain cos
(
2pimk
N
− φ
)
+ nk
]
cos
(
2pimk
N
)
(12)
where ’Ain’ is the amplitude of the input signal. We neglected the quantization noise for the second cosine term
which is assumed to be stored in the Phase-meter lookup table at a sufficiently high precision (say > 20 bits)
such that it can be omitted from further considerations. Expanding the first cosine term in the above expression
we find:
ℜ(Ft) =
N−1∑
k=0
Ain
[
cos
(
2pimk
N
)
cosφ+ sinφ sin
(
2pimk
N
)
+ nk
]
cos
(
2pimk
N
)
=
AinN
2
cosφ+
N−1∑
k=0
nk cos
(
2pimk
N
)
A similar expression can be found for ℑ(Ft) so that from the ratio of the two expressions the phase φ is found:
tanφqn =
ℑ(Ft)
ℜ(Ft) =
sinφ+ 2
NAin
∑N−1
k=0 nk sin
(
2pimk
N
)
cosφ+ 2
NAin
∑N−1
k=0 nk cos
(
2pimk
N
) (13)
We note that it is helpful to visualize expression 13 in the complex plane as follows: The tip of a phase vector
lies on the unit circle with angle φ towards the real axis. Around the tip of this phase a number N of small
noise vector contributions perform a random walk in 2 dimensions. Without loss of generality the coordinate
system can always be transformed in a way that the phase vector is parallel to the real axis (φ = 0). Then
the vector sum of the noise components perpendicular to the real-axis (proportional to sin(2pimk/N) determines
the fluctuations of the phase φqn of the total phase vector whereas the parallel components (proportional to the
cosine) can be neglected (second order effect). We find for the mean-square fluctuations:
〈δφ2qn〉 =
4
N2A2in
N−1∑
k=0
〈n2k〉 sin2
(
2pimk
N
)
(14)
After inserting Eq. 5 into Eq. 14 and executing the sum we obtain for the measured phase fluctuations induced
by quantization noise
∆φqn =
√
〈δφ2qn〉 =
√
2
2n
√
3N
, (15)
which has already been derived in12 from a similar ansatz. At this point we must stress that quantization noise
is somewhat more complex as it only manifests its statistical properties if the phase between input and reference
signal does not remain fixed. Otherwise the random fluctuations are exactly identical from period to period and
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therefore all periods correlate with another. Assuming such a rigid lock between the phase of input and reference
signal we obtain after some algebra for the measured phase fluctuations
∆φqn(phase− locked) = 1
2n−1
√
3NF
=
√
2N
NF
∆φqn, (16)
where NF = fsamp/fhet = 50 is the number of sampling points in one heterodyne period. We observe that the
noise is increased by the square root of the number of heterodyne oscillations within one FFT period (N/NF )
as well as by a factor
√
2 (which comes from the correlation between the two halves of one oscillation period)
with respect to Eq.15. The predictions of Eq.16 were compared to the results of numerical simulations where the
input signal was quantized and the phase measured according to Eq.1 and excellent agreement was found. In
the simulations the input signal phase was incrementally changed from 0 to pi and the output phase fluctuations
were averaged over all phase steps.
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